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Abstract

Given any positive integers n and m, Frank Harary constructed
a graph on n vertices and m edges whose connectivity cannot be ex-
ceeded by any graph on the same numbers of vertices and edges. These
graphs are now known as Harary graphs and are said to be maxi-
mally connected. The corresponding problem in which connectivity
is replaced by toughness turns out to be much harder. Sometimes
the Harary graphs are maximally tough, but not always. The cases in
which the maximum toughness problem is tougher than the maximum
connectivity problem will be discussed.

1 Terminology

Let ω(G) denote the number of components in a graph G. The connectivity
of G is

κ(G) = min{|S| : S ⊆ V, ω(G− S) > 1}.

The toughness of G is

τ(G) = min{ |S|
ω(G− S)

: S ⊆ V, ω(G− S) > 1}.
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Example 1.1. κ(Cn) = 2 and τ(Cn) = 1.
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An (n,m)-graph has |V | = n and |E| = m. Maximum connectivity is
defined by the function

Cn(m) = max{κ(G) : G is an (n,m)-graph}.

Maximum toughness is defined by the function

Tn(m) = max{τ(G) : G is an (n,m)-graph}.

An (n,m)-graph G is maximally connected if κ(G) = Cn(m) and maximally
tough if τ(G) = Tn(m).

2 A Typical Example

Consider n = 6 and m = 10. That is, consider graphs on 6 vertices and
10 edges. What are C6(10) and T6(10)? Figure 1 shows some graphs on
6 vertices and 10 edges that might be maximally connected or maximally
tough. In fact, the maximum possible connectivity is 3. That is C6(10) = 3.tt tn n
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κ = 2, τ = 1
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κ = 3, τ = 3
2

Figure 1: Some graphs on 6 vertices and 10 edges.

The maximum possible toughness is 3
2
. That is T6(10) = 3

2
.
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3 General Results

In most cases,

Tn(m) =
Cn(m)

2
In general,

Tn(m) ≤ Cn(m)

2

3.1 Harary Graphs H(n,m)

Harary computed Cn(m).

Theorem 3.1 ([3]). For n ≥ 1 and 0 ≤ m ≤ n(n−1)
2

,

Cn(m) =

{
0 if m ≤ n− 2,

b2m
n
c if m ≥ n− 1.

Harary constructed a family of graphs that are maximally connected.
Figure 2 shows some examples that suggest the general construction. Int
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H(8, 16)
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H(8, 20)
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H(9, 23)

Figure 2: Examples of Harary Graphs.

general, Harary graphs are not maximally tough. However, many of them
are.

Theorem 3.2 ([1]). Let n ≥ 3, n ≤ m ≤ n(n−1)
2

, and r = b2m
n
c. If

(i) r is even, or

(ii) r ≥ 2(2bn
6
c+ bn mod 6

3
c)

then Tn(m) = r
2
.
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3.2 Toughness is More Subtle

For n = 7 and m = 11, the Harary Graph H(7, 11) is maximally connected
(with connectivity 3)
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and has toughness equal to 1. Whereas, the following (7, 11)-graph
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has toughness equal to 4
3
. So H(7, 11) is maximally connected but not max-

imally tough. In fact, T7(11) = 4
3
. Note that T7(11) < C7(11)

2
. The central

difficulty is that G being maximally connected does not imply that G is max-
imally tough. An open question is, does G being maximally tough imply that
G is maximally connected?

4 A Bigger Question

Does the converse of the following theorem hold?

Theorem 4.1 ([5]). If G is K1,3-free, then

τ(G) =
κ(G)

2
.
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The following picture shows that subgraphs that must be avoided in the
previous result.
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Induced Subgraph K1,3

Conjecture 4.2 ([2]). For any r ≥ 3, if G is r-regular and τ(G) = r
2
, then

G is K1,3-free.

Theorem 4.3 ([4]). If G is cubic and τ(G) = 3
2
, then G is K1,3-free.

Here is an example of a 5-regular non-K1,3-free
5
2
-tough graph that settles

the conjecture in the negative. t t tt
t t t

tttt
ttt

References

[1] K. K. Ferland, The maximum toughness of sesqui-cubic graphs, J. Com-
bin. Math. Combin. Comput. 44 (2003), 129–144.

[2] W. D. Goddard and Henda C. Swart, On the toughness of a graph, Quaes-
tiones Mathematicae 13 (1990), 217–232.

[3] F. Harary, The maximum connectivity of a graph, Proceedings of the
National Academy of Science 48 (1962), 1142–1146.

[4] B. Jackson and P. Katerinis, A characterization of 3
2
-tough graphs, Ars

Combinatoria 38 (1994), 145–148.

[5] M. M. Matthews and D. P. Sumner, Hamiltonian results in K1,3-free
graphs, Journal of Graph Theory 8 (1984), 139–146.

5


